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Introduction
In this paper, we prove a theorem on convergence of Kähler-Ricci flow on a compact Kähler manifold M which admits a Kähler-Ricci soliton. A Kähler metric h is called a Kähler-Ricci soliton if its Kähler form ω h satisfies equation
where Ric(ω h ) is the Ricci form of h and L X ω h denotes the Lie derivative of ω h along a holomorphic vector field X on M . As usual, we denote a Kähler-Ricci soliton by a pair (g KS , X). According to [TZ1] , X should lie in the center of a reductive Lie subalgebra η r (M ) of η(M ), which consists of all holomorphic vector fields on M . If X = 0, ω h is just a Kähler-Einstein metric. Since ω h is d-closed, we may write L X ω h = √ −1 2π ∂∂θ for some real-valued smooth function θ. It follows that the first Chern class c 1 (M ) is positive and it is represented by ω h .
The Ricci flow was first introduced by R. Hamilton in [Ha] . If the underlying manifold M is Kähler with positive first Chern class, it is more natural to study the following Kähler-Ricci flow (normalized):
(0.1)
∂g(t,·) ∂t
This corollary was first announced by G. Perelman [P2] when he was visiting MIT in the Spring of 2003.
Our proof of the main theorem is to study a certain complex Monge-Ampère flow which arises from (0.1). The flow of this type has been studied before by many people (cf. [Ca] , [CT1] , [CT2] ). Indeed, our proof used a deep estimate of Perelman ([P2] ; also see [ST] ). We combined Perelman's estimate with estimates on solutions of complex Monge-Ampère equations we have used in our proving the uniqueness of Kähler-Ricci solitons [TZ1] .
The organization of this paper is as follows. In Section 1, we describe an unpublished estimate of Perelman on the time derivative of potential functions of evolved Kähler metrics along the Kähler-Ricci flow. In Section 2, we use the relative capacity theory, which was first developed in [Ko] and adapted to the case of Kähler-Ricci solitons in [TZ1] , to obtain a C 0 -estimate for a certain Monge-Ampère equation. Then in Section 3, we obtain a global Harnack-type inequality for solutions of complex Monge-Ampère flow associated to the Kähler-Ricci flow (0.1). In Section 4, we derive monotonicity of the generalized K-energy introduced in [TZ2] . A C 0 -estimate on a modified complex Monge-Ampère flow is obtained in Section 5 and the Main Theorem will be proved in Section 6.
An estimate of Perelman
In this section, we first reduce the Kähler-Ricci flow to a fully nonlinear flow on Käher potentials. Then we discuss a recent and deep estimate of Perelman.
Let (M, g) be an n-dimensional compact Kähler manifold with its Kähler form ω g representing the first Chern class c 1 (M ) > 0. In local coordinates z 1 , · · · , z n , we have
Moreover, the Ricci form Ric(ω g ) is given by
Since the Ricci form represents c 1 (M ), there exists a smooth function h on M such that
∂∂h.
An easy computation shows that the flow (0.1) preserves the Kähler class of its solution g(t), so we may write the Kähler form of g(t) at a solvable time t as 
Observe that ∂ϕ ∂t | t=0 = −h. Differentiating on both sides of (1.2) on t, we have
where ∆ denotes the Laplacian operator associated to the metric ω ϕ . Then it follows from the standard Maximal Principle that
and consequently,
By using these facts and arguments in deriving the higher order estimates in Yau's solution of the Calabi conjecture [Ya] , H.D. Cao showed that (1.2) is solvable for all t ∈ (0, +∞) [Ca] . Using his W -functional and arguments in proving noncollapsing of the Ricci flow [P1] , recently, G. Perelman proved the following deep estimate [P2] .
Lemma 1.1. Let ϕ t be a solution of Monge-Ampère flow (1.2). Choose c t by the condition
Then there is a uniform constant A independent of t such that
For the reader's convenience, we will present a proof of Lemma 1.1 taken from [ST] in the appendix. Lemma 1.1 is crucial in proving our main theorem. Recall that h t is defined by (1.1) with ω g replaced by ω ϕ t and can be different from a constant. In Section 4 below we will further prove that c t is uniformly bounded and so ∂ϕ ∂t is.
Relative capacity and C 0 -estimate
In this section, as in [TZ1] , we will use the relative capacity theory for plurisubharmonic functions first developed in [Ko] to derive a C 0 -estimate on a certain Monge-Ampère equation.
First we recall some notation which can be found in [BT] . For any compact subset K of a strictly pseudoconvex domain Ω in C n , its relative capacity in Ω is defined as
where PHS(Ω) denotes the space of plurisubharmonic functions (abbreviated as psh) in the weak sense. For any open set U ⊂ Ω, we have
The extremal function of K relative to Ω is defined by
One can show that u K (z) = lim z →z u K (z ) is a psh function. It is called the upper semicontinuous regularization of u K . A compact set K is said to be regular if u K = u K . The following are some properties of u K (cf. [BT] , [AT] ):
except on a set of relative capacity zero.
Moreover, we have
Lemma 2.1. Let Ω be a strictly pseudoconvex domain in C n and let u < 0 be a smooth solution of the following complex Monge-Ampère equation on Ω:
Suppose that u and f satisfy
where S is some number, then there is a uniform constant C, which depends only on c, D, δ, Ω , Ω, such that
Proof. This lemma is essentially due to [Ko] . For the reader's convenience, we will include a proof using an argument from [TZ1] . Put
Then we define an increasing sequence s 0 , s 1 , . . . , s N by setting s 0 = S and . . . , N, where N is chosen to be the greatest integer such that s N ≤ S +D. By using an argument in Lemma 4.1 of [TZ1] , we can prove
nδ . However, it was proved in [AT] (or Theorem 1.2.11 in [Ko] ) that
where c depends only on c and Ω . It implies that
Combining (2.4)-(2.6), we get
It follows that
Consequently, we have 
Proof. Let u K be the relative extremal function of a regular set K with respect to Ω and let v = cap
Then v is a psh function and satisfies
By Lemma 2.5.1 in [Ko] , we have
for some uniform constant c independent of v, where λ(U (s)) is the Lebseque measure of U (s) = {v < s}. It follows that for any q ≥ 1,
On the other hand, we have
(2.8)
Combining (2.7) and (2.8), we get
Therefore, it follows from Lemma 2.1 that
Now the lemma follows from replacing 3nδ by δ. 
Then, for any positive δ ≤ δ 0 and ≤ 0 , there are two uniform constants C, C which depend only on g, δ 0 , 0 such that
Proof. This is a direct corollary of Lemma 2.2 (cf. the proof of Proposition 4.1 in [TZ1] ). We omit its proof.
A Harnack-type inequality
In this section, we use Proposition 2.1 to develop a C 0 -estimate for solutions of the Monge-Ampère flow (1.2).
Proposition 3.1. Let ϕ = ϕ t be any solution of (1.2). Then, for any positive δ ≤ 1, there are two uniform constants C = C(g, n, δ) and C = C (g, n, δ) such that
Proposition 3.1 is analogous to Proposition 4.2 in [TZ1] for the complex MongeAmpère equation which arises from the equation for Kähler-Ricci solitons.
As before we assume that (M, g) is an n-dimensional compact Kähler manifold such that ω g represents the first Chern class c 1 (M ) > 0. We need two lemmas in order to prove Proposition 3.1.
Lemma 3.1 (Poincaré-type inequality). Let h be the smooth function determined by the relation
In particular, for any ϕ ∈ C ∞ (M ), we have
Proof. Let L be the linear differential operator on
where denotes the Laplacian operator of g. Then L is elliptic and self-adjoint with respect to the following Hermitian inner product:
It follows that all eigenvalues of L are real. 
On the other hand, using the Bochner's technique, one can prove that λ 1 ≥ 1 ( [F2] ). So (3.1) holds, so does (3.2).
Lemma 3.2. Let ϕ = ϕ t be any solution of (1.2). Then there is a uniform constant
where
Proof. As in [TZ1] , we will use an iteration argument to prove this lemma. Without loss of generality, we may assume I(ϕ) > 1.
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in the case of the metric ω ϕ , we have
where h t = − ∂ϕ ∂t + c t which are uniformly bounded for t (cf. Lemma 1.1). Thus by using the Hölder inequality, we get
and consequently
where c, c are uniform constants. By the mean-value inequality, we have
where a is a uniform constant. Thus inserting this inequality into (3.6), we get
Iterating (3.7), we have
.
Proof of Proposition 3.1. Let c t and h t be given as in Lemma 1.
for some uniform constants c 1 and c 2 . This implies
By (3.10) and Lemma 3.2, we have
Thus, applying Proposition 2.1 to (3.8), we see that for any δ > 0 there are uniform constants C 4 and C 5 only depending on δ such that
Monotonicity of generalized K-energy
In this section, we show the monotonicity of the generalized K-energy introduced in [TZ2] along the Kähler-Ricci flow. Since M has positive first Chern class, associated to any holomorphic vector field X on M , there is a unique smooth, complex-valued function θ X = θ X (g) on M such that
Thus we see that (g KS , X) is a Kähler-Ricci soliton if and only if h = θ X modulo a constant, where h is a smooth function determined by the relation (1.1) associated to the metric g KS . As an obstruction to Kähler-Ricci solitons, the following holomorphic invariant was introduced in [TZ2] :
where η(M ) denotes the Lie algebra consisting of all holomorphic vector fields on M . When X ≡ 0, the functional F X (·) is just the Futaki invariant [F1] . It was shown in [TZ2] that F X (·) is independent of the choice of Kähler metric g and
Let η r (M ) be a reductive Lie subalgebra of η(M ) and let X ∈ η r (M ). Let K X be the one-parameter group generated by Im(X) and let g be a K X -invariant Kähler metric. Set
Associated to the invariant F X (·), the following functional on M X (ω g ) was introduced in [TZ2] : [Ma] . Let X be in the center of η r (M ) and let Aut r (M ) be the connected subgroup associated to η r (M ). Then
where ϕ ρ is the Kähler potential function determined by
Moreover, analogous to the case of the K-energy and the Futaki invariant, we have the following forμ ω g :
where ρ t = exp{tv} is a one-parameter subgroup generated by a holomorphic vector field v on M . This implies that if
Note that X must lie in the center of
Lemma 4.1. Let ϕ be a solution of the flow (1.2). Suppose that the initial metric g is K X -invariant and that the holomorphic invariant F X (.) vanishes. Then
Proof. Let σ t = exp{tX} be a one-parameter subgroup in Aut r (M ) generated by X and let ϕ = ϕ σ t be defined as above for the subgroup {σ t }. Then ω ϕ satisfies the modified Kähler-Ricci flow,
Then, using integration by parts, we have
It follows thatμ ω g (ϕ ) ≤ 0, and consequently, by (4.2), we get (4.3).
It was shown in [TZ2] that if M admits a Kähler-Ricci soliton (g KS , X), then the functionalμ ω g (·) is bounded from below on M X (ω g ). So by (4.5), we have
By using the Maximal Principle, we get from (4.4) that
Differentiating the above equation on t, we obtain
Then it is easy to see that
Lemma 4.2. Suppose that M admits a Kähler-Ricci soliton (g KS , X). Let g be a K X -invariant Kähler metric on M . We choose h in equation (1.2) by adding a suitable constant so that
Then the solution ϕ (t, ·) of (4.7) with the initial condition ϕ (0, ·) = 0 satisfies
Proof. By (4.9), we have
Note that
Then we have
Thus the lemma is true. 
Proposition 4.1. Suppose that M admits a Kähler-Ricci soliton (g KS , X). Let ϕ be a solution of (1.2). Suppose that the initial metric g is K X -invariant and that h is normalized as in Lemma 4.2. Then the constants
Thus by Lemma 4.2, we get
for some uniform constant C, and so
Here we use the fact that the |X(ψ)| are uniformly bounded for any ψ ∈ M X (ω g ) [Zh] . Therefore by Lemma 1.1, we obtain
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A C 0 -estimate
In this section, we use the properness and monotonicity ofμ ω g (·) to derive the C 0 -estimate for solutions of (1.2). We will assume that M admits a Kähler-Ricci soliton (g KS , X).
Let us recall two other functionals on M X (ω g ) introduced in [TZ2] :
where ψ = ψ t (0 ≤ t ≤ 1) is any path from 0 to ϕ and both functionals are independent of the choice of path [Zh] . The following result was proved in [TZ2] .
Lemma 5.1. We havẽ
where h and h ω ϕ are smooth functions determined by the relation (1.1) associated to ω g and ω ϕ , respectively, and normalized by
In particular, we have
The following lemma was proved in [CTZ] by using the same arguments in [TZ1] . 
Then for any ϕ ∈ Λ 1 (X, g KS ) ⊥ , we have
for some uniform constants C and C , where
In order to apply the above lemma to obtain a C 0 -estimate for solutions of (1.2), we shall modify the flow. Let ρ t ∈ Aut r (M ) be a family of holomorphic transformations on M . Let
where ω ϕ is the evolved metrics in the flow (1.2). Then ωφ satisfies
is a family of holomorphic vector fields on M . Consequently we get a Monge-Ampère flow forφ (modulo a constant),
where θX is the smooth function defined by (4.1) for the holomorphic vector fieldX. From the proof of the uniqueness of Kähler-Ricci solitons in [TZ1] , one can choose a holomorphic transformation ρ t for each t so thatφ(t, ·) − Ψ 0 ∈ Λ 1 (ω KS , X) ⊥ , where Ψ 0 is a smooth function satisfying
Proposition 5.1. Suppose that M admits a Kähler-Ricci soliton (g KS , X). Letφ be a solution of (5.6). Suppose that the initial metric g is K X -invariant and that h is normalized as in Lemma 4.2. Then there is a uniform constant C such that
Proof. Note that the existence of Kähler-Ricci soliton (g KS , X) implies that F X (·) ≡ 0. By (4.3) in Lemma 4.1, we havẽ
It follows thatμ
On the other hand, by Lemma 5.2, we havẽ
Thus by Lemma 5.1, we see that there is a uniform constant C 1 such that
This shows that
It is clear that (5.6) is equal to
Since ∂ϕ ∂t • ρ t is uniformly bounded (Proposition 4.1), we can apply Proposition 3.1 to the solutionφ of (5.10). Thus by (5.9), we have
The estimate (5.8) follows from this.
Higher order estimates and proof of main theorem
In order to get higher order estimates of solutions to (5.6), we shall modify the gauge transformations again which appeared in Section 5. The argument used here is similar to one in Sections 6 and 7 in [CT2] . First we observe Lemma 6.1. Let ρ t be a family of holomorphic transformations defined in Section 5. Then for each integer i = 0, 1, . . ., we have
where the norm · denotes the distance between two elements in Aut(M ).
Proof. Letφ be a solution of (5.6). Then
Since the smooth function
is uniformly bounded by Proposition 4.1 and (5.1), we have
Using Lemma 6.1, one can choose a modified family of holomorphic transformations ρ t ∈ Aut r (M ) (0 < t < ∞) to replace ρ t such that for any t ∈ (0, ∞) (cf.
where the (ρ
induce a family of holomorphic vector fields on M . Furthermore, for any k ≥ 0, we may assume that there is a constant C k such that
Let ϕ = ϕ t be a family of smooth functions determined by
Such a family is unique modulo addition by constants. Then by adding appropriate constants if needed, we may assume that ϕ satisfies a complex Monge-Ampère equation
Proposition 5.1 implies that
To obtain a C 2 -estimate and C 3 -estimate for ϕ, we need to further modify the Kähler-Ricci flow equation. Let σ t = exp{tX} be an one-parameter subgroup generated by X associated to the Kähler-Ricci soliton ω KS and let ω ρ = (ρ
* ω KS is also a Kähler-Ricci soliton w.r.t to X, we may assume that f ρ modulo a constant satisfies the equation
where Ψ 0 is given as in (5.7). Differentiating the equation on t, we have
where ∆ ρ = ∆ ρ t is the Laplacian operator of the metric ω ρ . This implies
On the other hand,
It follows that modulo constants, we have
where θ X−X (ω ρ t ) is determined by
we can deduce
for some uniform constant C 0 . In particular,
Combining this with (6.7), we get
Moreover, for any integer l ≥ 0, one can have
where ∇ l ρ denotes the l-th covariant derivative with respect to the metric ω ρ .
Then ψ is uniformly bounded. Note that ψ satisfies
where ω ϕ is defined as in Section 4. Thus by (4.4) and (6.6), we get a parabolic equation for ψ:
This is equivalent to
we have
Here we have used the fact that the |X(ψ)| are uniformly bounded for all ψ ∈ M X (ω g ) [Zh] .
Lemma 6.2.
Proof. Let ∆ = ∆ t be the Laplacian operator associated to ω ϕ t . Set
Then for sufficiently large c, using (6.9) and following arguments in [Ya] , we compute
where we choose a local coordinate system at a given point p ∈ M so that
i at p and C 1 depends only on the metric ω KS . Note that
Thus by (6.8), we get
(6.12)
we get from (6.11) and (6.12) that
(6.13)
Applying the Maximal Principle to function e −cψ (n + ∆ ρ ψ) in (6.13), we obtain
Then (6.10) follows from (6.5). 
Proof. It follows from (6.9) and Lemma 6.2 that
For the third derivative estimate, we consider Calabi's function
where (g ij ) is the inverse of the Hermitian matrix function associated to the metric
2π ∂∂ψ. Note that S is equal to the quantity
where (g) ir denotes the inverse of the Hermitian matrix function associated to the metric ω ϕ .
Following Calabi's computation as in [Ya] , by Lemma 6.2, one can get
Here c is sufficiently large, and C 1 and C 2 are uniform positive constants depending only on the metric ω KS . Then by the Maximal Principle, we see that S ≤ C. Hence by part (i), we obtain
Proof of Main Theorem. We shall prove that ω ϕ t converges to a Kähler-Ricci soliton. First we show that the solution ϕ of (6.4) has uniformly bounded C k -norms. Note that ϕ is a solution of the following equation:
Differentiating this equation on z k in a coordinate chart of M with local holomorphic coordinates (z 1 , . . . , z n ), we have
Since ∆ is uniformly elliptic and is at least of C α (0 < α < 1), by the standard Schauder estimates, we see that ∂ϕ ∂z k has a uniform C 2,α -norm. Similarly, ∂ϕ ∂z k has a uniform C 2,α -norm. Hence, the C 3,α -norm of ϕ is uniformly bounded. Repeating this process, one can easily show that the C k -norm of ϕ is uniformly bounded for each integer k ≥ 0.
From the above arguments, we see that for any sequence of functions ϕ t , there is a subsequence which converges to a smooth function ϕ ∞ on M in the C k -topology.
Next we show that
then by (4.5), we have
By the lower bound ofμ ω g (ϕ ) [TZ2] , one concludes that there is a sequence of t i , i = 1, 2, . . . , such that X i → X ∞ and
On the other hand, by (4.4), we have (6.17)
Then the C k -norm of (σ ) * ∂ ∂t ϕ is uniformly bounded, so there exists a convergent subsequence of (σ ) * ∂ ∂t ϕ | t i . Hence by (6.16) and Lemma 4.2, we conclude that (σ ) * ∂ ∂t ϕ (t i , ·) (still denoted by the same indices t i ) converges to zero in the C ktopology, and consequently, by (6.17), Kähler metrics ω ϕ t i converge to a Kähler-Ricci soliton associated to a holomorphic vector field X ∞ . By the uniqueness [TZ1] and [TZ2] , we see that X ∞ = X and the limit Kähler-Ricci soliton ω g + √ −1 2π ∂∂ϕ ∞ must be β * ω KS for some element β ∈ Aut r (M ). For simplicity, we may assume that β is just the identity in Aut r (M ).
It remains to prove that ω ϕ t converges to (ω g + √ −1 2π ∂∂ϕ ∞ , X) as t goes to infinity. If this is false, then there is a convergent sequence ω ϕ t i whose limit is not Note that H C k (M ) ≤ C , when i is sufficiently large. Thus by using the implicit function theorem, we see that
when i is sufficiently large. Here δ( ) → 0 as → 0. Since can be chosen to be small, the sequence ϕ t i will converge to ϕ ∞ , which contradicts the assumption. The proof is completed. 
